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Abstract 

The higher order Kirchhoff type equation 
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is considered in this paper. We assume that the nonlinearity of the equation has exponential 
critical growth and prove that, for a positive e which is small enough, there are two distinct 
nontrivial solutions to the equation. When e = 0, we also prove that the equation has a nontrivial 
mountain-pass type solution. 
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1. Introduction and main results 


Let V^M, y e {0,1,2, • ■ • , m], be the y-th order gradients of a function u e which 

are defined by 

{ A^u y even, 

y-1 

VA 2 u y odd. 

Here and throughout this paper, m > 2 is an even integer and we use the notations that 

A°M = = u. 

Consider the following nonlinear functional 


4(m) = 1 


r (IV^mI^-H ^ ay(x)\V^uf')dx - f ^[^f^ dx - e f hudx (1.1) 
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which is related to a higher order nonlocal partial differential equation 
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J]R2' 
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(|V”m|2 + ^ ay{xWuf-)dx (-A^m + ^(-l/V’' • (ay(xWu) 
7=0 7=0 


fix, u) 
\xf 


eh. (1.2) 


Here e is a nonnegative constant, h{x) ^ 0 belongs to the dual space of E which will be defined 
later, 0 < yS < 2m and Uyix) are continuous functions satisfying 


(Ai)there exist positive constants Oy, y = 0,1,2, • 
(Az) (flo(x))-' e 


, m - 1, such that Uyix) > Uy for all v e 


Since the equation contains an integral over it is no longer a pointwise identity and 
should be dealt with as a nonlocal problem. We call (11.21 1 a higher order Kirchhoff type equation 
because it is related to the stationary analog of the equation 


^_Ipo 

'dfi \h ^ILJo 




(1.3) 


where p, po, h, E and L are constants. This equation was presented by Kirchhoff ini as an ex¬ 
tension of the classical D’Alembert wave equation for free vibrations of elastic string produced 
by transverse vibrations. This kind of nonlocal problem also appears in other fields, for exam¬ 
ple, biological systems where u describes a process which depends on the average of itself (for 
instance, population density). One can refer to Q 0, and the references therein for more 
details. After the work of Lions ll^ . where a functional analysis approach was proposed to this 
kind of equations, various models of Kirchhoff twe have been studied by many authors using 
the variational framework, see, for example, flj? jiol 1^ f5, 19 -2^ 25, 3^0 38], and the 
references therein. In particularly, Li and Yang lIlQIl studied the following equation and proved 
the existence of at least two positive solutions. 

[ M(j^„(|VM|'^ H- Vix)\uf)dx) i-^NU + Vix)\u\’^-^u) = AAix)\uf-^u + f(u) x e R^, 

\ ue W‘’'^(R'^), 


where AffU - divi\Vu\^~^Vu) is the A-Laplacian operator of u, M(s) = for k > 0, s > 0, 
1 <p<A, /i>0isa real parameter, A{x) is a positive function in L°'(R^) with cr = V is a 
potential function and / is a nonlinearity term having critical exponential growth. 

On the other hand, similar variational methods are also used to stu dy equa tions without the 
nonlocal integral. For example, see i[IliS[IIl|illIllI0IIi0l [HSl and the 
reference therein. Among these results, the first author and Chang 0371] proved an Adams type 
inequality and applied it to get the multiplicity result of a higher order quasilinear equation as 
following 

(-a)'”m -h ■ (fly(x)v’'M) = 

7=0 


\xf 


eh(x). 


(1.4) 


It is natural to ask the a question that can we generalize the results in S to higher order cases? 
This is the motivation of our paper. Our equation (II .2b is a higher order Kirchhoff type equation 
with a singular nonlinearity which is a nonlocal version of the equation (II.4b . A primary tool 
to study this kind of equations is the Adams type inequality. Precisely, we need the following 
theorem which is proved in OTII . 
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Theorem A. Lef m > 2 be an even integer and 0 < P < 2m, then for any 0 < a < (l — a(m,2m), 

r e™' - 1 

sup dx< oo, (1.5) 

HeM/'".2(R2'"),||i/||£<l \Xr 

where a(m,2m) — (4;r)'"m!. Furthermore, the inequality is sharp, which means that when 
a > (l — ^^a{m,2m), the integrals are still finite for any u & E, but the supremum goes to 
infinity. 

According to the variational structure of the functional (11.11) . we assume that the nonlinearity 
fix, s) : X K —> M is a continuous function and satisfies the following growth conditions 

(Hi) There exist constants ao, b\, b 2 > 0 and 6 >3 such that for all (x, i) 6 x R, 

\f(x,s)\<bi\sf+b2\sf(e‘^°-^'-l). 


(H 2 ) There exists p> 4 such that for all x 6 R^'" and s 4 0, 

0 < pF(x, s) = p f fix, t)dt < sfix, s). 
Jo 


Define a function space 


E :^UeW' 




X m-1 

(IV^mI^ + y ayixWu\^)dx < 


+00 


and denote the norm of m e £ by 


I|m||£ : = 


X m-1 

(IV^mI^ + y ayix)\W^uf)dx 


1/2 


Here and in the sequel we use E* to denote the dual space of E. Define 

I|m||£ 


Ap inf 

‘ m££\{ 0 ) 


(JrJ™ 


Up' 


Obviously, we can conclude that Ap > 0 from the following proposition which can be found in 

s. 

Proposition B. Under assumptions (Ai) and (A 2 ), we have that the space E is compactly embed¬ 
ded into the space L^(R^'")/or any q> 


We also assume 

(H 3 ) lim sup^_^Q < /I 4 uniformly with respect to x e R^™. 

Let aim, 2m) - ( 47 r)'"m! be the constant in Theorem A. We assume 
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(H 4 ) There exist constants p > A and Cp such that 


where 


i/(^)i > Cp\sr\ 


Ip(p-A))^ 

/ \ 
ao 

U(p-4)j 



Remark. To construct an example of f{x, s) satisfying {Hi) - (H^), one can refer to examples in 


We will see that the functional 7^ satisfies the geometric conditions of the mountain-pass 
theorem. Namely, there exist two constants > 0 and > 0 such that J^iu) > 1 ?^ when 
||m||£ = r^. And there exists some e e E satisfying ||e||£ > such that 7f(e) < 0. Moreover, 
Je(Q) = 0. The min-max level Cm of Je is defined by 


Cm - minmax7f(M), 
leS, «£/ 


where X,- {I e C([0,1], £); /(O) = 0, 1(1) - e}. Thus we have the first result. 

Theorem 1.1. Assume (Ai), (A 2 ) and (Hi) — {H 4 ). There exists some eo > 0 such that, for 
0 < e < eo, the equation (O) has a nontrivial mountain-pass type weak solution uq and the 
min-max level Cm has an upper bound 


/^-4\ 

'(1 - li)Q'('«’2m)' 

1 4a< j 

ao 


When e -0, (11.2b becomes 




m-1 


(-A^m h- ^(-IFV^ ■ (ayix)V^u) 


y =0 


fix, u) 
\xf 


and the corresponding functional is 


J{u) 


1 

4 



m—\ 




^ ayix)\V^ u'^)dx 
7=0 ^ 



F{x, u) 
\xf 


dx. 


( 1 . 6 ) 


(1.7) 


Theorem 1.1 states that when e = 0, namely for the equation (11.6b . the mountain-pass solution 
still exists. But to find another nontrivial minimum type solution to (11.2b which is distinct from 
Mo, we need e + Q. Precisely, we have 

Theorem 1.2. Assume (Ai), (A 2 ) and (Hi) — (Hf). Then there exists ei > 0 such that, for any 
0 < e < ei, the equation ( 17.2b has at least two distinct weak solutions. 


We organize this paper as follows: In Section 2, we estimate the min-max level of functional 
dEB and prove Theorem 1.1. In section 3, we prove Theorem 1.2. 
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2. Mountain-pass type solution 


First we claim that e C*(£’, R). Namely for ^ u in E, we have J^iMk) —» JeiM) and 
J'f(uk) J'ciu) as k oo. In fact, we have 


\{\\Uk\tE-\\u\\\) = 

< 


^(IlMytlli + l|M|li)(l|Mt:ll£ + l|M|l£)(l|Mt: “ “0 + Mollfi “ IImIIe) 
C\\Uk - UqWe —> 0. 


and 

1 h{uk - 

■ u)dx < Cp||£.||M;t - moIIe 0. 


Jr2'» 

If we can prove 

lim r 

F(x, Uk) r F(x, u) 

(2.1) 

k^^ Jr2». 

\xf Jk 2 ,„ \xf 

we will get lim*_^oo Jeiuk) - J^u). 




By {H\) and {H 2 ), we have 

F{x, Uk) < Cilukf + - 1). (2.2) 


On the other hand, by Proposition A, up to a subsequence, we can assume that lim^,_,oo \\uk-u\\E‘i — 
0 for any q > 1. Since 0 < /3 < 2m, for some hxed constant K > 0, using Holder’s inequality, we 
have 

f luk-ui"^ r \uk-u\‘^ r \uk-u\^ 

< - m||l4 ^ 0, (2.3) 

where I!p + I jq - 1. Dehne a function (pis) - 1). By the mean value theorem, we 

have 


\(p(\uk\) - 0(|m|)I < \4''iO\ l“/t -u\< {(pWuki) + ^'{\u\)) \uk - u\ (2.4) 


For a > 0, r > 1 and any r' > r, it is easy to check that there exists a positive constant C which 
only depends on a, such that for all s e R, 


(e“* -')^ < C(e“^ ■' 


1 ). 


In fact, this is a lemma in Il35h . Then we have for any r > 1 


(2.5) 



(e“““‘ - lYdx 


< 


< 


2r'a'o(M^—M)^+2r'QroH" 


- \)dx 


f 

Jr2 ' 

1 r ( g 2 r ' o .„(„,-„)2 _ 1 r 

p Jr2'” q Jr2'" 


- \)dx. 


where we have used the fact that, for a,b > 0, Ijp + Ijq - ab - \ Since 

lim,t_,co \\uk - u\\e - 0, Theorem A gives that 


sup I (e“““‘ - lydx < + 00 . 
k Jr2'” 
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( 2 . 6 ) 








(2.7) 


Using (12.4b . (12.6b and Holder’s inequality, we get 

- 1 ) 


lim r 

Jr 2 '” 




dx — I 

Jr 2 '» 


G+l/^aoir _ 


\ur'(e' 


1 ) 


\xf 


In view of (12.2b . (12.3b and (12.7b . the Lebesgue’s dominated convergence theorem gives (12.1b . The 
proof of limj-^oo = J'^iu) is similar and we omit the details here. 

To use the mountain-pass theory to discuss the existence of solutions to (fO l. first we prove 
the following lemma which ensures that the functional (II.lb satisfies the mountain-pass condi¬ 
tions. 

Lemma 2.1. Under assumptions (Ai), (A 2 ) and (Hi) — (H^), we have that the functional (O 
satisfies the geometric conditions of mountain-pass theorem, namely 
(i) 4(0) = 0. 

) ii) there exist constants 62 , r^ and 4 > 0 such that, for 0 < e < € 2 , J^iu) > 4 when ||m||£ = r^. 
(Hi) there exists some e € E satisfying \\e\\E > such that Je(e) < 0. 

Proof. Obviously (i) is true. 

By (Hf), there exist constants d,cr>0 such that, for any |i| < d and x e 


/ j4 


IF(x, s)| < 




By (Hi) and (H 2 ), there holds, for |i| > d 

|U(x, s)| < - 1 ), 


( 2 . 8 ) 


(2.9) 


where q > 0 -h 1 >4 and C is a constant depending on bi, b 2 , d and 0. It follows from (12.8b and 
(12.9b that, for any s e R and x e 


IF(x, i)| < 


r 34 

4 cr 
T “ 4 


|irH-C|ir(e“ -1). 


( 2 . 10 ) 


By Holder’s inequality,Proposition A and (12.5b . we have 


f 

Jr 2 ' 
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\x\p 


u\‘‘dx < 


f 

Jh3 


,aoM _ Y)Pi 

—- dx 

\xfP^ j 

gaop[u^ _ j 


\xfP' 


-dx 


i-lpi 


i/pi 


f 

Jr 2 '” 


ifP^dx] 


U/P 2 


\\u\\i. 


where 1/pi -(- l/p 2 = 1. p[ > Pi and 0 < Ppi < 2m. Let 


A and (12.11b imply that, for ||m||£ < g. 


OlQP\ 


( 2 . 11 ) 


. Then Theorem 


f 

JrZ” 




-|m|«£/x < C||m||^. 


On the other hand, we have 


r 

Jk 2 ,„ \xf 


uv, ^ \\< 

—pdx < —T—. 
\xf 4 


( 2 . 12 ) 


(2.13) 



















In view of (12.101 1. (12.12b and (12.13b . we obtain, for ||m||£ < g 


Uu)>^^-C\\u\\l-e\\h\\ME- 

4Al 

j \ 1 /( 9 - 4 ) 

When e = 0, obviously if we can take ||m||£ = ro, where 0 < ro < (1 ’ have 

J(u) = )?o > ^ > 0. When e 0, if eis sufficiently small, we can take = (16e/l4l|/i||£«)*^^ < 
and J^{u) = > 7(m) - e||/!||£. ||m||£ > er^\\h\\E>. 

To prove (iii), first we claim that, for any u e E \ {0] and which is a ball with radius R, 
there exist a constant C > 0 such that 



F(x, u)dx > C 



+ 0 ( 1 ). 


(2.14) 


In fact, {H 2 ) implies that, for any constant so > 0 and s > so, we have 

Fix, s) > ^Fix, So). 


Since Fix, s) > 0 for s 0 and fix, s) is a continuous function, there exist constants Ci, C 2 > 0 
such that for any ix, s) e Br x M, 


Fix, s)>Ci\sf-C 2 . 


Then we have 


j Fix,u)dx> I Fix,u)dx>C\ I \ufdx—C2\BR\ 


and the claim is proved. On the other hand, take any u e E \ {0}. We can find a constant Rq such 
that r u^dx = Ao > 0. Together this fact with (12.14b . we get 


Jeitu) - — 


^ r/t 1 ^ 

I (IV^Mp + y ayixWuf-)dx - I 

j Jr 

X 


Fix, tu) 

\xf 


dx 


-et f 

Jr2 ' 


hudx 


< -rWut-Cyf 


dx + efp||£*||M||£ + Oil) 


< jlNI^-Cif‘'^+ef||/r||£.|N|£ + 0(l). 


Since p > 4, we have 


which gives (iii). 


lim Jcitu) - —oa. 


(2.15) 

□ 


Next we estimate the mountain-pass level of the functional (II.lb . which confirms part of the 
results in Theorem 1.1. 
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Lemma 2.2. Assume (Ai), (A 2 ) and {H\) - (i/ 4 ). There exists £3 > 0 such that for 0 < e < 63 , the 
mountain-pass level Cm of functional (ED satisfies 


/^-4\ 


1 4a< j 

ao 


Proof. We can choose a bounded sequence of functions [uh] (Z E such that 

r \uk\‘’ 

I — z'dx - 1 and Wu^We 

Jm- \xf ” 

Then by Proposition A, we can assume that there exists a function Up such that 
Uk Up in E, 

Uk ^ Up in for all g'e[l,+oo), 

Uk(x) Up(x) a.e. in 

These imply that 

Wp]” 


On the other hand, we have 


r r K]”, 


\\up\\E < liminf ||M;t||£ = Ap. 

k—>oo 


= 1. 


Thus we get \\up\\E - Ap. Define a function Mf(f) : [0, + 00 ) ^ R by 

f , n 2 


M,{t) ;= 


r + y ^(x)iv^Mp| 2 ) J - r 


F(x, tUp) 
\xf 


-f 

Jr 2 ™ 


dx — et hudx. 


By (i/ 4 ) and ^^dx = 1, we have 


MM < - 


C ^ ^ C \u 

{\V’^Up\^ + yay{x)\vyup\^)dx -Cp- 'MLdx + et\\h\\EA\up\\E 
Jr2'” ^ ) P Jr2” \xr 


^4 ^ 

= - MtP + eAp\\h\yt 

4 p 

{p-A)sy^-^'^ 

where fo is a constant which belongs to [0, + 00 ) and is independent of the choice of e. From the 
definitions of Cp and S p in (i/ 4 ), by choosing e small enough, we get the desired results imme¬ 
diately. □ 


By Lemma 2.1 and 2.2, if e is sufficiently small, the functional (foi l satisfies the conditions of 
the mountain-pass theorem except for the Palais-Smale condition. The mountain-pass theorem 
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without the Palais-Smale condition Il28h implies that we can find a Palais-Smale sequence {m^} c 
E at level Cm and we have got an upper bound estimate for Cm- To get the existence result of a 
mountain-pass solution of (11.21) . we only need to prove that there exists a function uq e E such 
that Uh uq in E as k ^ -Hoo. To this end, we need to estimate the norm of first. Precisely we 
have 


Lemma 2.3. Assume (Ai), (A 2 ), and {H\) - {EE{). Then for any Palais-Smale sequence {uk} c E 
of Jf at level Cm, i-e-, 

Je(uk) Cm, J[(uk) —> 0 as k ^ 00 , 

there exists 64 > 0 such that, for 0 < e < 64 , there holds 


limsupIlM^lll < 

k—>oo 


a(m, 2m) 
ao 


Proof. Since {uk} is a Palais-Smale sequence at level Cm, we have 

F{x, Uk) 


-IlMdllg - r ^ dx- e f hukdx^CM as k^oa, (2.16) 

4 Jr2'" \xr Jr2». 


and 




r r 

I (V^MiV'V + y ay{x)V^UkV^ip)dx - f 

^ Jr 2 ' 


f(x, Uk) 
\xf 


f 

Jr2 ' 


(pdx — e I h(fdx 


< 0 -kM\E, 
(2.17) 

where ip is an arbitrary function in C^(]R^'") and crk ^ 0 as k ^ 00 . Multiplying (12.231) by pi and 
and let ip - Uk in (l2.241 ). we obtain 




PlF{x, Uk) - fix, Uk)uk 
\xf 


dx<fiCM + (p- l)e\\h\\E,\\uk\\E + o(\\uk\\E), (2.18) 


where ju > 4 is the constant in (//a)- Then (12.181) and (i/ 2 ) tell us that Uk is bounded in E. 
Furthermore, when e = 0, we can get from (12.181) and (i/ 2 ) that 

[^-l)\M\t<pCM+ 0 {l). 
limsupIlM^-ll^ < 


(2.19) 


Thus 


l|4 < 4// 

k ^+00 p 4 

Using the estimate of Cm in Lemma 2.2, we get 


Cm- 


lim \\uk\\E < 

k—>+oo 


(1 “ 4 ;i)a(m, 2 m) 


ao 


When e ^ 0, ( 12.191 ) becomes 

- 1 ) < pCm + (m- i)e\\h\\EA\uk\\E + 0(1). 


( 2 . 20 ) 





















Applying Young’s inequality, we have, for any rj > 0 


(M - m\h\\E-\\uk\\E < r](n - DWukWl + C.emiiWl 

where C,j is a positive constant depending on rj. We can conclude from Lemma 2.2 that there 
exists d > 0 such that 


Cm = (1-5) 



“ ^)a('«,2m)' 

1 4/i j 

ao J 


( 2 . 21 ) 


Choose rj 


- (IL^ gives 




Therefore 


(l - 5) (J - 1 ) W^kWl < f^CM + C,ei\\h\\l + 0(1). 

1 - II I |4 ^ S/tCm , 8 C,, 4 ; 

hmsup||M<:||£ < 


(2-5)0u-4) (2-6)(ji-4) 

Using (12.21b in the above inequality, we get 


ll£.- 


(2-26\ 

'(1 - ^)a(m,2m)' 

' 2 - 5 ] 

ao J 


limsupIlMillg < 

k^+oo 


Now we choose 64 such that it satisfies 

1 d(M - 4) 


8 C„ 


(2-6)(ju-4) 


( 2 . 22 ) 


8C„ 


(1 “ ^)»('«> 2 m) 


ao 


It is easy to check that, for 0 < e < 64 , our estimate for Wu^We still holds. 


□ 


Next we prove that the functional satisfies the Palais-Smale condition at level Cm and the 
proof of Theorem 1.1 can be completed by the following lemma. 

Lemma 2.4. Assume (Ai), (A 2 ) and (H\) - (Hi). Let eo = min{e,), i — 2,3,4. When 0 < e < eo. 

we have, for any Palais-Smale sequence {uj) c E of at level Cm £ 0, j ^^— 

up to a subsequence, there exists uq e E such that u^ — > mq in E as k ^ +00 and u is a weak 
solution o/dnii. 

Proof. By Lemma 2.3, we have,up to a subsequence, 

(1 - ^a(m,2m) 


lim \\uk\\E < 

k^i -00 


ao 


(2.23) 


Then Proposition A tells us that, up to a subsequence, there exists uq e E such that 


Uk 


Mo in E and Uk —> mq in 


2m 


) for any q>\. 
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Since {uk} is a Palais-Smale sequence, we have, as A: ^ 0, 


X m-1 

- Mo) + V ay(x)V'^UkV^{uk - uo))dx 


f 


/(■^, Myt ) , 
|X^ 


(mj- - uo)dx — e I /!(Mi- — uo)dx —> 0 . 


f 

Jr2 ” 


(2.24) 


Since ^ mo in £ and IIm^H^ is bounded, we have, as A: ^ 0, 

m -1 


Ml 


X nt— L 

(V'”moV'"(m* - mo) + y ay{x)V^UQV^Uk - uo))dx 0. (2.25) 


Subtract (12.25b from (12.24b . we get 


l|Mi:ll£l|Mi Mollg 


f 

Jr 2 ‘ 


\x\P 


JR 2 '” 


(m^ - Mo)£/.x - e I /!(Mi - uo)dx —» 0 


(2.26) 


Using Holder’s inequality. Theorem A, (Hi), (12.5b and (12.23b . similar to the proof of (12.1 lb . we 
have, for some ^ > 1 , 


fix, Uk) 
;r 2 ™ \xf 

On the other hand, ^ mo in £ gives 


If 

IJr2' 


(uk — uo)dx 


< C\\uk - mo || l <7 0 . 


Jr 2 ' 


h(uk — uo)dx 0 . 


Then we can deduce from (12.26b that 


\\uk\\l\\uk - uoWl 0 . 


Since the level Cm > 0, we have limj^- 
is a nontrivial solution of ( 11 . 2 b . 


0. Therefore we know that Uk —> mo in £ and uq 

□ 


3. Minimum type solution 

To get a solution different from uq, first we estimate the infimum of 7^ near 0 e £. We remark 
that in our proof, we can only deal with the case e 4 0 . 

Lemma 3.1. Assume (Aj), (A 2 ) and (H 2 ). Then there exists cr > 0 such that 

inf Jeiu) = Co < 0 . 

IImIIeSit 


Proof. Since £ is a Hilbert space and h ^ 0, by the Riesz representation theorem, the equation 

m-\ 

(-A)'"m + y(-l)>'V^ ■ iayix)V^u) = ehix). 

y=0 
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has a nontrivial solution. Denote it by v and we have 

||v|||= r hvdx>0. (3.1) 

Jr 2 '" 

An easy computation shows that 

= f^llvllg-r* r ^Y^tvdx-e f hvdx. 

dt Jr 2 ,„ \xf Jk 2 ,„ 

{H 2 ) gives that f{x, tv)tv > 0 for any f > 0. We have that there exists some 77 > 0 such that for 
any 0 < t < rj, 

^Jeitv) < 0 . 
dt 

Noticing that 7e(0) = 0, we have J^{tv) < 0 for any 0 < t < rj. Take cr = 7?||v||£, we get the lemma 
proved. □ 

Define Ba- - {u e E : \\u\\e < o"}. Suppose inf||u||j<o-/^( m) = Co- By Lemma 3.1, we get 
Co < 0. In view of the facts that Bg- is a complete and convex metric space, is of class C* and 
bounded from below, by Ekeland’s variational principle, there exists a Palais-Smale sequence 
[vk] c Bg- at level Cq. With out loss of generality, we can assume there exists vq such that 

Vk Vo in E, 

Vk —> Vo in for any ^ > 1, (3.2) 

Vk Vo a.e. in 

Since Cm > 0 and Co < 0, to complete the proof of Theorem 1.2, we only need to show the 
strongly convergence of vj; to vo in £ as k —» + 00 . 

Lemma 3.1. Assume (Ai), (A 2 ) andThen there exists £5 > 0 such that,for0 <€<€$, 
the functional ( 17.71 ) satisfies the Palais-Smale condition, namely up to a subsequence, we have 

\\vk - vollfi -> 0 as k + 00 . 


Proof. Similar to (12.201) . we have 

- 1) WvkWl < pCo + {p- l)e||/r||£.||v,||£ + o(l). 

Up to a subsequence, we have 

(7 - ijlimsupllv^llg -(ju- l)e||/i||£. < 0. 

/ k^x, 

Take 


p-4 

'(1 - i;-)a{m,2my 

4||/7||£.0u-1) 

[ ao ] 


(3.3) 


(3.4) 
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for any 0 < e < 65 , we have 


limsup||v;i||| < 

k-->oo 


a(m, 2m) 
ao 


The same as the proof of Lemma 2.4, we can prove that lim,t_^oo \\vk - vqUe = 0. 
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